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Optimality and Suboptimality of MPPI Control
in Stochastic and Deterministic Settings

Hannes Homburger

Abstract—Model predictive path integral (MPPI) control
has recently received a lot of attention, especially in the
robotics and reinforcement learning communities. This
letter aims to make the MPPI control framework more
accessible to the optimal control community. We present
three classes of optimal control problems and their solutions
by MPPI. Further, we investigate the suboptimality of MPPI
to general deterministic nonlinear discrete-time systems.
Here, suboptimality is defined as the deviation between
the control provided by MPPI and the optimal solution to
the deterministic optimal control problem. Our findings are
that in a smooth and unconstrained setting, the growth
of suboptimality in the control input trajectory is second-
order with the scaling of the MPPI exploration uncertainty.
The results indicate that the suboptimality of the MPPI
solution can be modulated by tuning the hyperparameters.
We illustrate our findings using numerical examples.

Index Terms—Optimization, predictive control for nonlin-
ear systems, stochastic optimal control.

. INTRODUCTION AND OVERVIEW

ODEL predictive control (MPC) is an optimization-

based state-feedback control technique that computes
the control inputs concerning the state trajectory predicted
over a finite horizon as the solution of an optimal control
problem (OCP). To solve an OCP, often numerical meth-
ods are used that sequentially generate local approximations
of the problem and then solve them efficiently [1]. These
approaches lead to very fast convergence rates and can be
applied even to high-dimensional problems. However, they can
converge to local minima and have issues in the presence of
strong nonlinearities. In contrast, zero-order solvers based on
sampling have fewer restrictions on the problem and can be
executed in parallel, but often lead to higher computational
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effort by ignoring the first- or second-order information.
Recently, a sample-based method called model predictive path
integral (MPPI) control has been investigated and applied in
numerous publications, e.g., see the survey [2]. Initially, this
method, inspired by the path integral framework, was used to
solve a special class of stochastic closed-loop OCPs [3], [4].
Later, it was extended based on the information-theoretic
framework to general nonlinear systems with input noise —
however, based on an open-loop problem formulation [5]. The
certainty-equivalence principle [6] states that the solution for
linear systems with independent noise and costs is independent
of the uncertainty. However, in the literature, the uncertainty-
aware MPPI method is often used for deterministic OCPs,
and the suboptimality of the solution is tacitly ignored, see,

g., [7], [8], [9], [10]. In this context, noise is intentionally
introduced for exploration, representing a fundamental dis-
tinction from classical stochastic optimal control, where noise
arises from the environment. Recently, an MPPI method for
deterministic OCPs was presented [11].

A. Contribution and Outline

We review the MPPI control framework from a stochastic
optimal control perspective and show that the problem classes
considered in the MPPI literature are stochastically equivalent
to input-affine stochastic systems with noise on the input
channel. Subsequently, we investigate the suboptimality of
standard MPPI to deterministic OCPs. We prove that for smooth
and unconstrained problems, the suboptimality of the control
trajectory is O(f%) and the suboptimality of the value function
is O(B*), where B € RT is a factor that scales the standard
deviation of the MPPI sampling distribution. Structure of this
letter: in Section II, we define different classes of stochastic
OCPs and discuss their solution via MPPI in Section III. The
suboptimality is investigated in Section IV. The algorithm and a
characterization are presented in Section V. Section VI presents
illustrative examples, followed by a summarizing Section VII.

B. Notation and Preliminaries

The set of positive real numbers is Rt = {x e R | x > 0}
and the set of non-negative real numbers is
R+ {xe R|x>0}. The concatenation of two column
Vectors x € R™ and y € R™ is denoted by (x,y)
[xT,yT1T € R The partial derivative with respect to a
variable x is represented as %, indicating differentiation with
respect to the explicit argument of the function. Arguments of
a function may be specified using subscripts or parentheses.
For instance, the function fg(x) has two arguments, 8 and
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x. Gradients of functions are denoted by V,f(x) = %f 7,
representing the vector of partial derivatives with respect to
x and V)%f (x) denotes the Hessian. The multivariate normal
distribution of a random variable v € R”" is expressed as
v~ N(u, X), where u € R" is the mean, and ¥ € R™" is
the covariance matrix. The expectation of a random variable
W e R” sampled from Qg defined by its probability density
function gg(W), is

Ey~q, [W] = /R Wqp(W) dW.

For a function f : R" — R, we write f(x) = O(g(x)) if and
only if there exists a constant C € Rt and a neighborhood A
of 0 such that Vx € A : |f(x)|| < Cg(x).

Il. STOCHASTIC OPTIMAL CONTROL PROBLEMS

We consider the stochastic nonlinear discrete-time system
=1l u,w),

where the state is x € R™, the control is u € R, the random
disturbance is w € R™, w ~ N (0, I), i.i.d., and without loss of
generality unit matrix / as covariance matrix. Given an initial
state Xo € R™, an input trajectory U = (ug, uy, ..., uy—1), and
a noise trajectory W = (wo, wi, ..., wy—_1), the state trajectory
is determined by

xo(U, W, Xp) = Xo, (D
Xi+1(U, W, X0) = fxx (U, W, X0), ug, wi), 2
using forward simulation for k¥ = 0,1,...,N — 1. The
performance of a trajectory can be evaluated by the overall cost
N—1
Ti(U, W) = L (), w) + EGay (1)), 3)
k=0
where the states’ dependencies given in (1) and (2) are omitted
for readability, the stage cost function is L : R x R™ — R,
and E : R™ — R is the terminal cost function.

A. Closed-Loop Stochastic Optimal Control

The ideal problem is to minimize the expected overall cost
for the closed-loop system. This means that each control uy is
selected with respect to the state xi(-). The key point is that in
xr(-) all previous realizations of disturbances w; and control
actions u; for i = 0, .., k — 1 are included. This problem can
be formalized in the recursive form

Eyy_1~N©,5) J5 (U, W),
4

that we call the closed-loop stochastic optimal control problem
(CLS-OCP). Note that this problem typically corresponds to
optimization over policies.

Veis(Xo) =min K, ~Ar0,5), - - - min
Uy Un—1

B. Open-Loop Stochastic Optimal Control

Because the CLS-OCP is typically hard to solve, it is
sometimes reasonable to optimize the expected overall cost
for the open-loop system instead. This means that the control
inputs u; are chosen independently of the previous realization
of the disturbances, but in an optimal way concerning the prior
known distribution of the disturbances. This problem is

Vols (X0) = m[}n EWN'/\/’(O’f) [Jfo 0, W)] ) (5)

that we call the open-loop stochastic optimal control problem
(OLS-OCP), where ¥ = diag(Z, %,..., %) € RNwxNmy
is the mutual covariance matrix for a whole trajectory W
with uncorrelated wy. Usually, the solution to this problem
requires less effort because the optimization concerns only
one input trajectory. However, when applied in a receding
horizon fashion, the controller’s capability to react to realized
disturbances is not modeled, leading to a suboptimal solution

for the closed-loop system.

C. Deterministic Optimal Control

In this letter, we investigate the suboptimality of MPPI for
solving the deterministic OCP given by

Vdet(xo) = m&n J)?Q(Uv 0)9 (6)
where no uncertainty is considered. We call this problem
the deterministic optimal control problem (DET-OCP). If the
computation power is limited or if there is no model of
the model’s uncertainty, practitioners often use this nominal
setting. Note that in a smooth and unconstrained setting the
DET-OCP solution and the CLS-OCP solution are similar for
systems with small uncertainties [12].

1. MPPI SOLUTION METHODS

In this section, we review the MPPI methods for the OCPs
stated in the previous section, and we show that these methods
are inherently restricted to the overall cost structure

Ty (U, W) = Sy, (U + W) + 5| U3, (N
where the path costs are
N—1
Sx (V) = EGn(V,0,X0) + Y _ cx(V,0,%)  (8)
k=0

with ¢ : R™ — Rar and V := U + W. Thus, the stage cost
in (3) is restricted to the sum of a generic term dependent only
on the state and a quadratic control cost.

A. MPPI Control for the CLS-OCP

We consider the class of CLS-OCPs, where the discrete-
time system dynamics is restricted to input-affine systems

xhe =100 + B@u + Gw, )

with B : R — R&Xu G : R%™ — R™X™ w ~ A0, ]),
and the stage cost

L(x,u) = c(x) + u" R(x)u (10)

with R : R™ — R™>™_ R » (. The main theoretical results
are derived under the following strong assumption.
Assumption 1: There exists a A € R such that

ABORX) ™'B)T = G)G) . (1)

We show that this assumption can be interpreted as effec-
tively requiring that the noise enters additively on the control.
For the continuous time setting, a similar result has been
obtained in [13, Sec. 3.3].

Proposition 1: Consider the CLS-OCP (4) with input-affine
dynamics (9), w~ N (0, 1), i.i.d., stage cost (10), and let
Assumption 1 hold. Then, an equivalent CLS-OCP exists with
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dynamics x™ =f(x) + B(x)(it+w), and stage cost L(x, it) =
c(x) + %IZT&, where w ~ N (0, A).

Proof: The solution of the CLS-OCP (4) can be character-
ized by the dynamic programming (DP) [14] recursion

Vi) =min e + duT RO+ Eyvion[Vis (55}

k=N-1,..
Substituting B(x)

;0, with V() = E(-) and Vo() = Vs ().
B(x)R(x)2 and u = R(x)™ 2u yields

Vi) =min ¢+ 4"+ By Vi (F@

+ B(x)it + G(x)w)}.

Applying the substitution of B(x) also to (11), we obtain
AB(xX)B(x)T = G(x)G(x)". This allows us to write

Ev N .0 {G@OW} = E\ nr(0.6006007) (V)

=B, A (01BwBwmT) V= Binnr0.an BEOW).

Using an analogous argument for the DP recursion yields

Vi) = min c(9) + 3"+ Bg | Vi1 (F0) + B+ ) ) |

This is exactly the DP recursion for the equivalent CLS-OCP
as specified in the proposition statement. |

The obtained dynamics are considered as a special case
in [5, Sec. IV], with the solution

1
Vais(Y0) = =2 10g By zr(0.5) [exp(—xsxo(W)ﬂ, (12)

and according to [
is given by

5, Eq. (28)] the optimal control for k = 0

Ew-n(0.3) [eXP<— 5% (W)> Wo]
Eywn0.5) [CXP (- %Sio (W)>]

Note the similarity between (13) and the softargmin function,
which is well known in the field of machine learning. The
expression (12) is derived from an exponential transforma-
tion of the stochastic Hamilton-Jacobi-Bellman equation [3],
providing a closed form solution as an expectation via the
Feynman-Kac Lemma [15, Th. 8.2.1]. Note that these theoret-
ical foundations are based on a continuous-time setting [13].
As implicitly proposed in [5, Sec. IV], the Euler—Maruyama
discretization method finally provides (12) and (13).

“6,015()_60) = (13)

B. MPPI Control for the OLS-OCP

Now we consider a more general class of nonlinear discrete-
time systems with additive noise on the input, given by

T=fx,u+w,0, w~N(QO,X), (14)

quadratic costs on the inputs (10), and assumption AR™! = %,
now constant. According to [5, Sec. 3.A], the optimal control
sequence U}, of the OLS-OCP (5) can be approximated by

~ . q (W)
UY. ~ Uypppy i= argming  Ewy~ *|:10 < , (15)
ols MPPI Q*| 108 v (W)

sometimes called information-theoretic optimum. Here,
qu (W) is the probability density function (PDF) of the normal

distribution AN (U,X) and the optimal distribution Q* is
defined by its PDF
1 1

g (W) = ;eXp<—XSx0(W) )pz(W), (16)
where n € R* is a normalization factor and p5 (W) is the PDF
of the normal distribution A/(0, f). Note that the objective
in (15) is the Kullback—Leibler divergence [16, Ch. 3] of
the optimal distribution Q* and the controlled distribution
Qu. In contrast to the presentation in [5, Eq. (3) and (16)],
as postulated in (15), MPPI only provides an approximation
to the OLS-OCP solution, although the optimal distribution
[5, Sec. 3] establishes a lower bound on the value function
of the OLS-OCP [17]. This follows from the fact that in
general, the optimal distribution cannot be reached by Q.
Consequently, the relationship between U7, and Oﬂdpm should
be interpreted as a heuristic, and it is not clear how suboptimal
the relation is. The minimizer of (15) is given by

Ewn(o.5) [eXP <— %Sxo (W)) Wk]

IEW~N(o,§) [GXP(— %Sxo (W))]

for k = 0,1,...,N — 1 [5, Sec. 3.C]. In contrast to the
presentation in [5, Sec. 4], the equivalence of (13) and (17) for
k = 0 implies an interpretation of (15) as an approximation
of the CLS-OCP. Here, suboptimality presumably depends on
a metric of how strongly the nonlinear dynamics (14) deviate
from the input-affine case (9).

it mpp1(Y0) = o))

C. MPPI Control for the D-OCP

However, there is a special case in which MPPI via
the information-theoretic framework converges to an exact
solution: consider the general nonlinear and deterministic
system x* = f(x,u,0) and stage costs given in the form
of (10) containing quadratic costs on the control inputs
and arbitrary state-dependent costs. The optimal deterministic
input trajectory is given by

UjetX0) = arglr]nin Jz, (U, 0) (18)
and the k™ element of this solution is denoted by “Z,det()_CO)'
In MPPI, the system dynamics covariance ~ employed during
the sampling process. To enable the solution of the DET-OCP
within the MPPI framework, this covariance must be reduced.
Accordingly, we modify equation (17) by 1ntr0ducmg a scaling
factor B € R*, and replace A and £ with 21 and 2%,
respectively. Then we obtain

]EW~/\/(0,/32§) [exp( ﬁzk S%o (W)) Wk:l

EW~N(O,/32§) [exp( e S%o (W)):I
= Ew~q+)[wl,

’jl]z,Mppl (J_CO, ,3) =

)

19)

and in the limit of shrinking uncertainty this expression with

u; det(xo) = lim ’22 MPPI (X0, B) (20)

, f—0 K
provides an exact solution to the DET-OCP for
k=0,...,N—1. Note that the noise is intentionally

introduced for exploration and is not part of the environment.
The statement (20) is proven in Thm. 1 in Section IV.
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IV. INVESTIGATION OF SUBOPTIMALITY

In this section, we present and prove Thm. 1, the prin-
cipal result of this letter. It addresses the convergence of
the deterministic MPPI method and establishes the order of
suboptimality. Now we briefly introduce Erdélyi’s formulation
of Laplace’s classical method that will be crucial later.

Lemma 1 (Adapted from [18, Th. 1.1]): For the integral

b
1(2) =/ exp(—Af(x))g(x) dx,

where (a,b) C R is a real interval, which may be finite or

infinite, we assume that

(1) f(x) > f(a) for all x € (a,b) , for every § > 0O the
infimum of f(x) — f(a) in [a + 8§, b) is positive;

(ii) f and g are scalar real analytic functions; and

(iii) the integral 1(A) converges absolutely for all sufficiently
large A.

Then

1) = exp(=2f (@) Y &nd ™2,

n=0

where the coefficients ¢, are real values and the symbol =
denotes an asymptotic expansion for A — +oc0.

Theorem 1: Assume Jz, : RMw x RMw  —  RE s
continuously differentiable, has a unique global minimum
JxO( Jet » 0), and second-order sufficient condition (SOSC) at

Uje- Then

lim Uygppi(B) = Uge, 2
B—0
and for small 8 > O the bias of the solution shrinks
quadratically with the uncertainty,

| Bapen(B) = Usell = O(62)-

Proof: We start with the scalar case Nn, = 1 and then
extend this to the multivariate case. Replacing A and ¥ by
their scaled versions, we can rewrite (16) as

R 1
CI/S(W) — mexp< ,32)\SX0(W) ) ﬂZE(W)s

exp( ﬁzAI:SxO(W) +5 Zk oW T Wk])
n(B)Z(B)
1

) exp( ﬂzx])“’(W o>)

where in the second line, the exponential kernel of the mul-
tivariate normal distribution is included in the exponent, and
its normalization factor is denoted by Z(8). In the third line,
the term in square brackets is identified as the overall costs,
and the normalization factors are combined to 7(8). Based on
this representation of the PDF of the optimal distribution, the
MPPI solution (19) is given by

01(@1)1(/3) = EW~Q*(5)[W]
fRWeXp( Ty (W, 0)>dW

Jizoxp(= 5 5o (W, 0)>dW

where the second line is the explicit representation of the
expected value, where q’é (W) is substituted. For small 8 > 0,
both integrals are dominated by the neighborhood of W =

Uj..» motivating to apply Laplace’s method, since the integrand

(22)

s

(23)

N L))

becomes sharply peaked around this point, making the approx-
imation accurate. Substituting 2 = ¢ in (24) and applying
Laplace’s method from Lemma 1 separately to the numerator
and the denominator result in

Ut i l? +anl? +O(§%)

Uhipp1 (§) = : (25)

gt +ased+0(cd

where the structure follows from SOSC at U, and a7, a2, a3
are scalar constants. The re-substitution of { = A2 and a
subsequent Taylor expansion of (25) at 8 = 0 yields

o2~ Uil .y o) = o).

In the multivariate case of (24) the MPPI solution for all

||0K/1PP1(/3) Udet” =

scalar elements of the solution trajectory i =0, .., N —1 with
N := Nn, is given by
OK/IPPLi(ﬂ) = Eyi~qrp) Wil
S Ja Je wi BV, B) dwodwi, . dwy
Sz Jg Jg EW, Bydwodwy, .. .dwg_,
_ Jwi Ewi, prdw; 6

Jo 1 Ewi, B)dw;

where E(W, B) = exp(— ﬂZAJXO(W 0)) and u(w,,,B) is the

marginal PDF for i = 0, .. ,N —1. The marginal PDF (26) is
similar to (24) that we already treated via Laplace’s Method.
The same argumentation results in

| BRaper i (B) — U ill = vi6 + 0(8%) = 0(6?)

that holds for all scalar elements of input trajectory with index
i=0,1,...,N—1 with y; € R} and

| Baerr(B) — Ul = O(82) @7)
follows. |

Corollary 1: The corresponding optimal value function is
reached in the limit and shrinks with fourth-order,

o(,s“).

Proof: Due to the continuously differentiable setting, the
continuous differentiability of the optimal value function is
preserved [12]. Therefore, we can use the Taylor series

J5o (Otpp1 (B 0) — Vaer(%o) = (28)

Tz (U, 0) — Vaer(Ro) = S AU TV Tz, (Ufer, 0)AU
+o(IulP), (29)
where AU = U — U%_ denotes the difference to the

det
deterministic solution trajectory. Since, with (22), the error

of the computed control trajectory shrinks with O(B2), and
with (29) there exists a local quadratic model of the overall
cost function, the uncertainty manifests itself with fourth-order
in the value function. |
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Algorithm 1 Deterministic MPPI Solving (20)

Require: Initial system state Xy, initial control sequence U, number
of iterations K, number of trajectory samples M, shrinking factor
v, initial covariance X, initial temperature X
1: for je {0,1,...,K—1} do
2 ,3(—1)7;)L<—/32)L0;§<—ﬁ2§0
3: for me {0,1,...,M —1} do
4:
5

> reducing uncertainty
> in parallel

W™ ~ N(0, X)

S™ <« Sx, (0 + Wm) + )»Wm—rf_lfl; > 2% rorm s
correction because U # 0; see Section V

6 Y < minge(o,1,...M—1} " > offset only for numerics

M—1

7 < XM Fexp(—1 (S — )

8 for me {0,1,...,M — 1} do

9 @™ — Lexp(—4(S" = ¥)

> in parallel
> compute weights
10: for ke {0,1,...,N—1} do
11: < iy + Z%:l oWy > solution to (19)

12: return Uget <0 > solution to (20)

V. ALGORITHM AND CHARACTERIZATION

The expectation operator regarding the distribution of the
uncontrolled system is part of the MPPI solution to the CLS-
OCP (13), the OLS-OCP (17), and the DET-OCP (20). MPPI
algorithms typically approximate this expectation operator
using Monte Carlo estimation [2]. However, the sample effi-
ciency using the uncontrolled distribution is strongly limited.
To increase sample efficiency with importance sampling the
sample distribution is changed to a proposal distribution. In
the same course, a correction term must be added in the expec-
tation to preserve its value. To change the mean of the normal
distribution from 0 to U and sample from N (U, T) instead
of N (0, f), a correction term presented in [5, Sec. 3.C] is
added to Line 5 of Algorithm 1, which is adapted from [11].
While K is the number of shrinking iterations and the final
exploitation covariance is VKT, the limit (21) is reached
for K — oo and, for K = 1, Algorithm 1 reduces to
standard MPPI presented in [S] computing (13) resp. (17).
It is important to note that importance sampling with this
correction term does not change the value of the expectation
[5, Sec. 3.C]. The suboptimality caused by the Monte Carlo
estimation with a finite number of samples is investigated
in [19], [20], [21] and is not part of this letter. In comparison
to other Monte Carlo optimization approaches to solve the
DET-OCP, like reward-weighted regression [22], cross-entropy
methods [23], covariance matrix adaptation evolution strategy
(CMA-ES) [24], MPPI-Generic [10], or Covo-MPC [25],
the deterministic MPPI method considered in this letter is
characterized by the predefined shrinking rate of the sampling
covariance, favorable for real-time applications [11]. However,
although it is not part of this letter, it should be noted that
Monte Carlo approaches often require excessive computational
effort. Methods of Newton-type optimization can be tai-
lored to solve DET-OCPs efficiently [1, Sec. 8]. To apply
Newton-type methods on the OLS-OCP or the CLS-OCP, an
approximation of the problem is typically required. This takes
the form of either sampling the uncertainty vector, cf. e.g., the
scenario approach [26] and the sample average approximation
[21], or based on linearization, cf. [27]. For the CLS-OCP, the
latter approach requires, e.g., a policy parametrization such as
linear state [28] or disturbance feedback [29].

80

B=1

—B=05

60

()

—_— =01

]

PDF ¢

06 055 05 045 04 0.1 0 0.1

-1 -0.5 0 0.5 1
w
Fig. 1. PDF of optimal distribution QB(W) for different 8. The two
additional interior plots show zoomed sections of the same PDF.
Lo |1 Gieen(8) = Uil = 0 (8)
O — 115, (Uiiper(8), 0) = Vau @0)l| = © (8")

Suboptimality

1072 107! 100

1]

Fig. 2. Suboptimality of the MPPI solution to the DET-OCP of the
controls (gold) and the value function (blue).

Since the problem (18) solved by deterministic MPPI
follows a single-shooting formulation [1, Sec. 8.5.1], which is
commonly addressed using Newton-type optimization meth-
ods, we compare both approaches in terms of execution time.
The computational cost of evaluating a function F is denoted
as cost(F). Under assumption of ideal parallelization, due to
the parallel nature of sampling, particularly when executed
on a GPU [10], the execution time of Algorithm 1 is given
by cost(Algorithm 1) A~ K - cost(Sx,), as the evaluation of
Sz, is computationally expensive. However, we emphasize that
this cost model assumes ideal parallelization, which is not
achievable in practice due to non-parallelizable components,
such as hardware limitations or memory access overhead.
These factors can introduce additional execution time, partic-
ularly for large sample counts or limited processing units. In
contrast, the execution time of computing the gradient of Sx,
using the reverse mode of algorithmic differentiation (AD) is
cost(VySx,) ~ 3-cost(Syz,) [1, Sec. 8.4.5], usually sequentially
evaluated in multiple iterations.

From Thm. (1) in combination with the exponential shrink-
age of B (Algorithm 1; Line 2) a g-linear convergence follows
for deterministic MPPI, while advanced Hessian approxima-
tions [1, Sec. 8.6] can lead to faster convergence rates of
Newton-type methods in the neighborhood of the optimum
[1, Th. 8.7]. Although MPPI is generally considered compu-
tationally inefficient, largely due to its omission of informative
15 and 2"-order derivatives, and in general yields suboptimal
solutions for nonlinear systems due to artificial noise (Thm. 1),
it possesses several notable strengths. These include inher-
ent parallelizability, problem-agnostic applicability, robustness
to poor initialization, and effectiveness in handling highly
nonlinear and even non-differentiable cost functions. These
properties lead to widespread adoption in the fields of robotics
and reinforcement learning [2].

VI. ILLUSTRATIVE EXAMPLES

In this section, we provide two illustrative examples, while
more complex applications and additional technical details
are presented in our previous work [11], although without a
theoretical investigation of the method’s properties.

A) Consider the scalar polynomial value function J(U) =
2—1464U4 + %C3U3 + %CQUZ with U € R and ¢3,¢c3,¢c4 € R
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