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Abstract— The Finite Elements with Switch Detection (FESD)
method [1] is a highly accurate direct transcription method
for optimal control of several classes of nonsmooth dynamical
systems. This paper extends the FESD method to Projected
Dynamical Systems (PDS) and first-order sweeping processes
with time-independent sets. FESD discretizes an equivalent
dynamic complementarity system and exploits the structure of
the discontinuities present in the continuous-time complemen-
tarities. This is achieved by allowing integration step sizes to
be degrees of freedom, and introducing additional complemen-
tarity constraints, enabling the exact detection of nonsmooth
events. In contrast to fixed step Runge-Kutta integrators, the
guaranteed smoothness of the system on each step allows for
the recovery of full-order integration accuracy and the correct
computation of numerical sensitivities. Numerical examples
illustrate the effectiveness of the proposed method in simulation
and optimal control contexts. FESD for PDS and examples are
implemented in the open-source software package nosnoc.

I. INTRODUCTION

In this paper, we develop direct transcription methods
for optimal control problems subject to Projected Dynam-
ical Systems (PDS), and a particular class of First-Order
Sweeping Processes (FOSwP). Both of these systems belong
to the class of discontinuous dynamical systems, where the
trajectories are constrained to a set C. In the case of PDS, first
introduced by Dupuis and Nagurney [2], the system evolves
according to some smooth Ordinary Differential Equation
(ODE) on the interior of the set C. If the trajectory reaches
the boundary of C, the vector field is projected onto the
tangent cone to C at this point, such that the trajectory stays
in C.

A closely related concept is the first-order sweeping pro-
cess, introduced by Moreau [3], in which we have a nominal
trajectory and a possibly moving and state-dependent set
C. If the trajectory is in contact with the boundary of the
set, the vector field is modified such that the trajectory
is swept together with the set. There are clear structural
similarities between these two notions, as both are dynamic
systems constrained to a set. These similarities are more than
superficial if the set is not time-dependent and under mild
assumption on the dynamics [4].

The applications of PDS and FOSwP are various. PDS
have been applied to economic equilibrium problems [5],
vaccination strategies [6], and more recently to several kinds
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of controllers including hybrid-integrator gain systems [7]
and anti-windup controllers [8]. FOSwP models have also
been an active area of research in recent years including
the development of a Pontryagin-style maximum principle
being derived for Mayer problems [9]. Applications include
optimal control of crowd dynamics [10], unmanned marine
surface vehicles [11], [12], and soft robotics [13]. Several
of these applications model interesting physical systems via
FOSwP with time-invariant feasible sets [12].

For smooth dynamical systems, time-stepping methods are
usually used for the direct transcription of optimal control
systems. Several existing algorithms could fall under the
umbrella of time-stepping methods for PDS and FOSwP. In
particular, for PDS there are several time-stepping algorithms
proposed in Chapter 4 of [5], which apply a projection to
each instance of the derivative evaluation in a fixed time step
Runge-Kutta (RK) method. For FOSwP, the initial papers of
Moreau [3] presented the so-called “catching-up algorithm”.

However, the difficulty of both the simulation, and use in
direct optimal control, of these methods comes from the fact
that these systems have a nonsmooth and possibly discontin-
uous vector field. The nonsmoothness of the derivative leads
to reduced integration order accuracy in fixed step size RK
methods [14]. Furthermore, the nonsmoothness may lead to
incorrect sensitivities (i.e., derivatives of the integration state
transition map with respect to parameters) and convergence
to spurious solutions as discussed in [15], [16].

In PDS, the event of the trajectory entering or leaving the
boundary of the feasible set C is called a switch, and the
corresponding time is a switching time. The trajectories of
the system between switching times are smooth functions of
time. If a numerical method can correctly identify the switch-
ing times, then the limitations of time-stepping methods can
be overcome. This is achieved for instance with the recently
introduced Finite Elements with Switch Detection (FESD)
method, which recovers the accuracy of an underlying RK
method and computes correct numerical sensitivities. This
method has so far been developed for piecewise smooth
systems [1] and nonsmooth mechanical systems with impacts
and friction [17]. However, it cannot be directly applied to
PDS and FOSwP.

Contributions: In this paper, we extend the FESD
method for both PDS and a class of FOSwP. We ex-
ploit the fact that these two systems are equivalent to
a specific Dynamic Complementarity System (DCS). The
FESD method is then developed for this DCS. We study
the continuity properties of the algebraic and differential
states of the DCS. These are exploited to derive appropriate
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cross-complementarity conditions in the FESD discretization,
which ensure exact switch detection. It is proven that the
switches are correctly identified in the discretized system.
Moreover, if there are no switches, we need to introduce
step equilibration conditions, which remove the degrees of
freedom in the step sizes. In this paper, we propose a new
step equilibration formulation, which is significantly less
nonlinear than the initial formulation in [1], [17]. We verify
the claims of recovered order accuracy of the discretization
method via simulation. Finally, we apply our discretization to
a collaborative planar manipulation task, which is formulated
as an optimal control problem.

Notation: Regard a closed set C ⊆ Rn. The boundary
of the set is denoted by ∂C, and its interior by int(C).
The tangent cone to C at x, denoted by TC (x), is the set
of all vectors d ∈ Rn for which there exists sequences
{xi} ∈ C and {ti}, ti > 0, with xi → x and ti → 0,
such that d = limi→∞

xi−x
ti

. The normal cone to C at x is
defined by NC (x) = { v ∈ Rn | 〈v, d〉 ≤ 0,∀d ∈ TC (x) },
for x ∈ C and is defined to be the empty set for x /∈
C. Let K ⊆ Rn be a closed convex set. The projec-
tion operator is defined via a convex optimization problem
PK (x) = arg mins∈K

1
2‖s− x‖

2
2. The set C is said to be

prox-regular if for any x ∈ C the distance to the set is
continuously differentiable on O \ C, where O is an open
neighborhood of x.

II. CONSTRAINED DYNAMICAL SYSTEMS

In this section, we introduce details of the mathematical
formalisms for the three equivalent kinds of systems studied
in this paper. We then introduce the optimal control problem
that is the focus of this paper. Finally, we provide a proposi-
tion that describes the continuity properties of the regarded
classes of systems.

A. Projected Dynamical Systems (PDS)

We regard the PDS:

ẋ(t) = PTC(x(t)) (f(x(t))) , (1)

with x(0) ∈ C and f : Rnx → Rnx is at least twice
continuously differentiable. Under these assumptions the
state x(t) stays in C for all time t ∈ [0,∞). We fur-
ther assume that the feasible set is finitely defined by
C = {x ∈ Rn | c(x) ≥ 0 } with c : Rnx → Rnc be-
ing also at least twice continuously differentiable. We as-
sume that the Linear Independence Constraint Qualifica-
tion (LICQ) is satisfied at all x ∈ C, i.e., the columns
of ∇ck(x) for k ∈ A(x) = { i ∈ {1, . . . , nc} | ci(x) = 0 }
are linearly independent. Under LICQ, the tangent
cone of C is equal to the convex polyhedral cone
TC (x) = { v ∈ Rn | ∇ci(x)

>
v ≥ 0, i ∈ A(x) } [18].

B. First-Order Sweeping Processes

In this paper, we treat a class of differential inclusions
closely related to PDS, which are equivalent to a perturbed
first-order sweeping process with a time-independent C:

ẋ(t) ∈ f(x(t))−NC (x(t)) , (2)

x(0)

x(t)

c(x)=0

x1

x2

Fig. 1: Plot of a trajectory of the PDS described in Example 1
along with its projected gradient field in green, and original
gradient field in purple.
with x(0) ∈ C, f : Rnx → Rnx twice continuously
differentiable, and C finitely defined as before.

C. PDS and FOSwP as Dynamic Complementarity Systems
Regard the dynamic complementarity system:

ẋ(t) = f(x(t)) +∇c(x(t))λ(t), (3a)
0 ≤ ci(x(t)) ⊥ λi(t) ≥ 0, i = 1, . . . , nc, (3b)

with the differential state x ∈ Rnx and the algebraic state
λ ∈ Rnc . The functions f : Rnx → Rnx and c : Rnx → Rnc

are assumed to be at least twice continuously differentiable.
The notation ci(x(t)) ⊥ λi(t) represents the algebraic
constraint ci(x(t))λi(t) = 0, i.e., at least one of ci(x(t))
or λi(t) must be zero.

To develop the FESD discretization in future sections we
rely on the equivalence of both eq. (1) and eq. (2) with
eq. (3). We formulate this as the following proposition.

Proposition 1. Regard C = {x ∈ Rnx | c(x) ≥ 0 }, a prox-
regular set, and suppose that LICQ holds for all x ∈ C. The
following systems are equivalent:

i) the PDS, ẋ(t) = PTC(x(t)) (f(x(t))),
ii) the differential inclusion, ẋ(t) ∈ f(x(t)) − NC (x(t)),

under the condition that for t ∈ [0, T ], ẋ(t) is of mini-
mum norm, i.e., ẋ(t) = arg minv∈f(x(t))−NC(x(t)) ‖v‖,

iii) DCS, eq. (3).
A proof of this for convex sets can be found in [4, Theorem

1]. In this theorem there are technical assumptions made on
the behavior of f(x), which in the setting here is implied by
the continuity and single-valuedness of f(x) [18, Example
12.28]. This equivalence has been extended to prox-regular
sets in [19, Proposition 5].

Example 1. To illustrate the equivalence regard the
following PDS: x ∈ R2, f(x) = (x2,−x1), and
c(x) = x2 + 1. The tangent cone of C reads as:
TC (x) = {v ∈ R2 | (0, 1)>v ≥ 0}, if x2 + 1 = 0, and
TC (x) = R2, if x2 + 1 > 0. The normal cone for the set
C is NC (x) =

{
v ∈ R2 | (0, λ), λ ≥ 0

}
, if x2 + 1 = 0 and

NC (x) = {0}, if x2 + 1 > 0. Finally, we write the DCS
equivalent to this system:

ẋ = (x2,−x1 + λ), 0 ≤ x2 + 1 ⊥ λ ≥ 0.
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Figure 1 shows an example trajectory of this system and the
corresponding vector fields.

D. Optimal Control of Constrained Dynamical Systems

The FESD discretization we propose is then used to dis-
cretize and approximately solve Optimal Control Problems
(OCPs) with dynamics governed by eq. (3):

min
x(·),u(·),λ(·)

∫ T

0

L(x(t), u(t))dt+R(x(T )) (4a)

s.t.

x(0) = x0, (4b)
ẋ(t) = f(x(t), u(t)) +∇c(x(t))λ(t), t ∈ [0, T ], (4c)
0 ≤ c(x(t)) ⊥ λ(t) ≥ 0, t ∈ [0, T ], (4d)
0 ≥ gp(x(t), u(t)), t ∈ [0, T ], (4e)
0 ≥ gt(x(T )). (4f)

With the Lagrange cost term L : Rnx × Rnu → R, Mayer
cost term R : Rnx → Rnu , initial state x0 ∈ Rnx , path
constraints gp : Rnx × Rnu → Rngp , terminal constraints
gt : Rnx → Rngt and controls u(t) ∈ Rnu . We introduce
here exogenous controls, which were not in the original
dynamics but, under mild conditions, the systems remain
equivalent [19].

E. Types of Switches in PDS

It is useful to discuss the possible discontinuities present
in this class of systems, in order to motivate our extension of
FESD. We note that based on the smoothness assumption on
f(x), for x ∈ int(C), ẋ is smooth. Therefore we only need
to regard switches that occur on interactions of the solution
x(t) with ∂C. We define the following sets which define the
the mode of the system at a given x, λ:

S(x, λ) = { k ∈ {1, . . . , nc} | ck(x) = 0, λk > 0 } ,
W(x, λ) = { k ∈ {1, . . . , nc} | ck(x) = 0, λk = 0 } ,
I(x, λ) = { k ∈ {1, . . . , nc} | ck(x) > 0, λk = 0 } .

These are the index sets for constraints that are strongly
active, weakly active, and inactive, respectively. For a
given x, λ, these sets form a partition of {1, . . . , nc}.
We say that a constraint k becomes active at t̂ if for
some ε > 0, k ∈ I(x(t), λ(t)) for t ∈ [t̂ − ε, t̂) and
k ∈ S(x(t), λ(t)) ∪W(x(t), λ(t)) for t ∈ [t̂, t̂+ε). Similarly
a constraint k becomes inactive at t̂ if for some ε > 0,
k /∈ I(x(t), λ(t)) for t ∈ [t̂− ε, t̂) and k ∈ I(x(t), λ(t)) for
t ∈ [t̂, t̂+ε). We now prove the following proposition on the
behaviors of c(x(t)) and λ(t).

Proposition 2. Regard a DCS of the form eq. (3) and its
solutions x(t), λ(t) on the interval t ∈ [0, T ]. The following
statements are true:

1) c(x(t)) is a continuous function of time.
2) λk(t) is discontinuous at t̂ ∈ [0, T ] if the kth constraint

becomes active at t̂, and f(x(t̂)) /∈ TC
(
x(t̂)

)
.

3) λk(t) is continuous at t̂ ∈ [0, T ] if the kth constraint
becomes inactive at t̂.

Proof. 1) follows from the absolute continuity of x(t) [5]
and smoothness of c(x). For 2), we show that the left limit
and the right limit of λ(t) are not equal at the point when
the kth constraint becomes active. We treat a single switch
at index k. By differentiating eq. (3b) we obtain:

0 ≤ ċ = ∇ck>(f(x)) +∇ckλk) ⊥ λk ≥ 0.

This yields the closed-form solution:

λk = max(0, (∇>ck∇ck)−1∇c>k f(x, u)). (6)

The left limit is limt→t̂− λk(t) = 0 by eq. (3b). The
right limit is limt→t̂+(∇ck>∇ck)−1∇c>k f(x(t)) via eq. (6),
which is zero if limt→t̂+ ∇>ckf(x(t)) = 0, which implies
that f(x(t)) ∈ TC (x(t)) at t̂. Therefore, if this is not the
case, the right and left limits of λk(t) are different at t̂.
Finally, to prove 3) we first observe that ċk must become
strictly positive for some interval [t̂, t̂ + ε] with ε > 0 in
order to for ck(x) = 0 to become inactive. Therefore the
leaving of the boundary depends on the sign of∇ck>f(x, u).
This combined with eq. (6) implies that at the time t̂ where
ck(x) = 0 becomes inactive, limt→t̂− ∇ck(x)

>
f(x) = 0 and

therefore the left limit limt→t̂− λ(t) = 0. The right limit of
λk(t) at t̂ is 0 by eq. (3b).

A useful consequence of this proposition is that in all of
these switching cases, the left limits of ck(x(t)) and λk(t)
must be zero if there is a switch in the kth constraint at t̂.

III. THE FESD DISCRETIZATION FOR PDS AND FOSWP

In this section, we introduce an extension to the FESD
approach to accurately discretize the DCS described in
eq. (3). We first write the RK discretization used and
then introduce the so-called cross-complementarity and step-
equilibration constraints to complete the method. We also
include a formalization of the notion of correct switch
detection inspired by the notions of the types of switches
described in Proposition 2.

A. Runge-Kutta discretization with fixed time steps

We regard a time interval [0, T ] divided into Nfe ≥ 2 finite
elements which are each a single-step RK discretization. In a
discretized OCP, this could be a single control interval with
a constant u. We begin the definition of the FESD discretiza-
tion by defining a fixed step size RK discretization scheme
with ns stages that are defined by a Butcher tableau [20] with
entries ai,j , bj , ci for i, j = 1, . . . , ns. For ease of exposition,
we assume that the final grid point of the RK scheme is at the
end of the step, i.e., cns

= 1. However, this can be extended
in a manner similar to [1]. This time interval (e.g. the control
stage) is partitioned by the grid points (t1, t2, . . . , tNfe

) with
the t1 = 0, tn+1 = tn + hn. This yields a discrete-time
system in the form:

xn,i=xn,0 + hn

ns∑
j=1

ai,j(f(xn,j , u) +∇c(xn,j)λn,j), (7a)

0 ≤ c(xn,i) ⊥ λn,i ≥ 0. (7b)
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In eq. (7), n = 1, . . . , Nfe, i = 1, . . . , ns, xn,i ∈ Rnx ,
λi,j ∈ Rnc , and f(·), c(·) as in eq. (3).

To go from this discretization to the FESD discretiza-
tion, we allow the length of each finite element hn to
vary and add two sets of additional constraints which are
called cross-complementarity and step-equilibration. These
additional constraints are included to enforce the correct
detection of switches and to remove the spurious degrees
of freedom h when there are no switches.

B. Cross Complementarity

For the nth RK integration step to recover its full order
accuracy we require that the right-hand side of the ODE on
that step is sufficiently smooth [21]. This is equivalent to
the fact that we have no switches on the interior of the finite
element which can be written as:

S(xn,i, λn,i) ∩ I(xn,j , λn,j) = ∅,
S(xn−1,ns

, λn−1,ns
) ∩ I(xn,j , λn,j) = ∅,

S(xn,i, λn,i) ∩ I(xn−1,ns
, λn−1,ns

) = ∅,

for n = 2, . . . , Nfe, i, j = 1, . . . , ns. These intersections
encode that no constraint can be both active and inactive
on the same finite element at different stage points. To
accomplish this we introduce the set of complementarity
constraints:

0 ≤ c(xn,i) ⊥ λn,j ≥ 0, (9a)
0 ≤ c(xn−1,ns

) ⊥ λn,j ≥ 0, (9b)
0 ≤ c(xn,i) ⊥ λn−1,ns

≥ 0, (9c)

with n = 2, . . . , Nfe, i = 1, . . . , ns, and j = 1, . . . , ns,
which encompass both the original complementarity pairs
in eq. (7), and the new constraints which enforce implicit
identification of the switching times. For brevity we write
Sn,i = S(xn,i, λn,i), and the same for W and I. Recall
that the conditions for a switch described in Proposition 2
require that the left limit of both ck(x(t)) and λk(t) is zero.
In the discrete-time setting, if a switch occurs, we require
that these functions are zero at the right boundary points of
a finite element, i.e., ck(xn,ns

) = 0 and λn,ns,k = 0, where
λn,ns,k is the kth element of λn,ns

. This also be written as
k ∈ Wn,ns . This is formalized in the following proposition
implying that all switches are isolated to boundaries.

Proposition 3. For any feasible solution to the discrete
FESD problem, the following conditions hold for any n ∈
{2, . . . , Nfe}:

ns⋃
i=1

Sn−1,i ∩
ns⋃
i=1

In,i ⊆ Wn−1,ns
, (10a)

i.e. if for some k, ∃i, j ∈ {1, . . . , ns} such that λn−1,i,k > 0
and ckxn,j > 0, then ck(xn−1,ns

) = 0 and λn−1,ns,k = 0.
ns⋃
i=1

In−1,i ∩
ns⋃
i=1

Sn,i ⊆ Wn−1,ns , (10b)

i.e. if for some k, ∃i, j ∈ {1, . . . , ns} such that λn−1,i,k > 0
and ckxn,j > 0, then ck(xn−1,ns

) = 0 and λn−1,ns,k = 0.

σBc σFc σBλ σFλ πc πλ ν
Entering ∂C: + 0 0 + + + +
Leaving ∂C: 0 + + 0 + + +

No switch in ∂C: 0 0 + + 0 + 0
No switch in int(C): + + 0 0 + 0 0

TABLE I: Case decomposition of the construction of ν, for a
fixed finite element. + means that the value is strictly positive
and 0 that it is strictly zero.

Proof. For compactness we write Sn =
⋃ns

i=1 Sn,i and
In =

⋃ns

i=1 In,i.
Equation (10a): Assume that there exists a k ∈ Sn−1∩In

such that k /∈ Wn−1,ns . Recall that k /∈ Wn−1,ns implies
k ∈ An−1,ns ∪ Wn−1,ns or that either λn−1,ns,k > 0 or
ck(xn−1,ns

) > 0. λn−1,ns,k > 0 yields a contradiction as
there must exist an i ∈ {1, . . . , ns} such that ck(xn−1,i) > 0
which violates eq. (9a). ck(xn−1,ns

) > 0 yields a contra-
diction as there must exist an i ∈ {1, . . . , ns} such that
λn,i,k > 0 which violates eq. (9b).

Equation (10b): Assume that there exists a k ∈ In−1∩Sn
such that k /∈ Wn−1,ns

. λn−1,ns,k > 0 yields a contradiction
as there must exist an i ∈ {1, . . . , ns} such that ck(xn,i) > 0
which violates eq. (9c). ck(xn−1,ns) > 0 yields a contra-
diction as there must exist an i ∈ {1, . . . , ns} such that
λn−1,i,k > 0 which violates eq. (9a).

C. Step-Equilibration

If there are no switches, then eq. (9) is implied by the
standard complementarity conditions in eq. (7b). This means,
there are spurious degrees of freedom in hn that must
be removed. To do this we introduce the switch-indicator
variable νn which is positive if there is a switch at the
boundary between finite element n and n − 1 and zero
otherwise. We treat a variable x > 0 as true and x = 0
as false. For x, y, z ≥ 0, we define Boolean operators ∧ and
∨ using sets of constraints:

z = x ∨ y ⇐⇒ z ≥ x, z ≥ y, z ≤ x+ y,

z = x ∧ y ⇐⇒ z ≤ x, z ≤ y, z ≥ x+ y −max(x, y).

The max operator is implemented via the
Karush–Kuhn–Tucker conditions of the linear program:

max(x, y) = min
z∈R

z s.t. z ≥ x, z ≥ y.

For a fixed n ∈ {2, . . . , Nfe} we define:

σBc,n =

ns∑
j=1

c (xn−1,j) , σFc,n =

ns∑
j=1

c (xn,j) , (11a)

σBλ,n =

ns∑
j=1

λn−1,j , σFλ,n =

ns∑
j=1

λn,j , (11b)

which are the backward and forward sums of c(x)
(eq. (11a)) and λ (eq. (11b)). Intuitively these sums are
analogous to the active set of the system in the fi-
nite element before and after the nth boundary. Using
these we define, πλ,n = σBλ,n ∨ σFλ,n, πc,n = σBc,n ∨ σFc,n, and
νn = πc,n ∧ πλ,n. The property we desire νn to have is
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Fig. 2: Plots of terminal error vs step size.

verified as shown in Table I for the four possible conditions
that occur at the boundary between two finite elements. To
enforce that the integration step size stays constant in the
case where switches do not occur, for each n = 2, . . . Nfe,
we introduce additional constraints with M � 1:

−νnM ≤ (hn−1 − hn) ≤ νnM

This formulation of νn can be seen as a mixed linear
complementarity problem, rather than the nonlinear comple-
mentarity formulations in [1].

D. Direct Optimal Control with FESD

We first define the following compact notation for the
elements of a single control stage: x which collects all xn,i,
λ which collects all λn,i, and h = (h1, . . . , hNfe

). We
also collect the equations in eq. (7), eq. (9), and the step
equilibration constraints into GFESD(x, u,λ,h). In order to
solve eq. (4) using FESD we discretize the time domain into
N uniformly sized control intervals with piecewise constant
controls u = (u1, . . . , uN ) write the discrete-time optimal
control problem in the form:

min
X ,u,Λ,H

N∑
m=1

Lm(xm, um) +R(xN,ns
) (12a)

s.t. x0 = x̄0, (12b)
0 = GFESD(xm, um,λm,hm), (12c)

0 =
∑

hm −
T

N
, (12d)

0 ≥ gp(xm, um), (12e)
0 ≥ gt(xN,ns

), (12f)

with variables X = (x1, . . . ,xN ), Λ = (λ1, . . . ,λN ), and
H = (h1, . . . ,hN ), the discretized Lagrange cost term Lm :
RNfensnx × Rnu → R, and Mayer term R : Rnx → R. The
Nonlinear Program (NLP) that results from this discretization
is of a particular class called a Mathematical Program with
Complementarity Constraints (MPCC). This class of prob-
lems is degenerate as the complementarity constraints violate
LICQ at all feasible points. These MPCCs are formulated
using CasADi [22] in nosnoc [23] and then solved via a
series of related, relaxed, NLPs [24]. The NLPs are solved
using IPOPT [25].

IV. APPLICATIONS

In this section, we first use the system in Example 1 to
verify the order accuracy of the FESD method applied to

PDS. Finally, we demonstrate an application of the method
to a cooperative planar manipulation task formalized as an
optimal control problem with the form in eq. (4). These
examples can be found on the branch pds-examples of
[26].

A. Integration Order

To verify the integration order accuracy of this extension to
FESD, we use the simple PDS example described in Exam-
ple 1. We initialize the system at t = 0 with x0 =

(√
2,
√

2
)

and simulate the system to a terminal time T = 11π
12 +
√

3. We
can show that the analytical solution for the terminal state
x(T ) = (−1, 0) by decomposing the trajectory into three
smooth sections: the initial circle of radius two, the sliding
mode from the intersection of that circle with x2 = −1,
and the circle of radius one which begins after we leave
the sliding mode at x = (0,−1). The first of these sections
occurs on the interval t ∈

[
0, 5π12

)
, the second on the interval

t ∈
[
5π
12 ,

5π
12 +

√
3
)
, and the third on t ∈

[
5π
12 +

√
3, T

]
. The

plot of this trajectory is shown in Figure 1.
This system was simulated with the software package

nosnoc on the interval [0, T ] with the total Nfe =
10, 20, 40, 80, 140, 200, 400, and an underlying Radau-IIA
implicit RK scheme with ns = 1, 2, 3, 4 stage points. We
calculate the terminal error as ‖x(T )− (−1, 0)‖. The results
are shown in Figure 2, in which the standard RK discretiza-
tion without FESD only achieves between first and second-
order accuracy as the step size is reduced, while the FESD
discretization achieves the expected accuracy O(h2ns−1).
These results match various prior work on time-stepping
methods (without event detection) applied to a variety of
complementarity formulations of constrained dynamical sys-
tems where accuracy is limited to O(h2) independent of the
order of the underlying schema used [27].

B. Collaborative Manipulation

We present a collaborative manipulation problem in which
the controller must use two actuators with limited range
to transport an unactuated disc. The PDS formulation of
this problem is inspired by the non-overlapping disc con-
straints of the first-order sweeping process models described
in [11], [12]. The state and controls of the system are
x = (x1, x2, x3) ∈ R6, and u = (u1, u2) ∈ R4. The
smooth ODE is f(x, u) = (u1, u2, 0, 0) and set C de-
fined by cj(x) = ‖x3(t)− xj(t)‖2 − (R3 + Rj)

2 with
R1 = 1, R2 = 1, R3 = 2, for j = 1, 2. The system starts
at x0 = (−10, 10, 5,−5, 0, 0)

>. With this, we formulate the
OCP:

min
x(·).u(·)

∫ T

0

u(t)
>
Ru(t)dt+(x(T )− xT )

>
QT (x(T )− xT )

s.t. x(t) = PTC(x(t)) (f(x(t), u(t))) , t ∈ [0, T ],

x(0) = x0,

−10 ≤ ui ≤ 10,

x1,1 ≤ −2.5,

x2,1 ≥ 2.5.
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Fig. 3: Several frames of the solution for the collaborative manipulation problem.
We use the weighting matrices R = diag(10−4, 10−4),

QT = diag(1, 1, 1, 1, 103, 103), and target positions
xT = (−10, 0, 10, 0, 0, 10). The additional constraints on the
state enforce that neither actuator can individually accom-
plish the goal. The initial configuration is shown in Figure 3a,
where the solid blue and orange discs are the initial locations,
the transparent discs represent the target configuration and
the red region is the zone that any part of the actuators, the
blue discs, may not enter. This OCP is then discretized with
FESD with a Radau-IIA scheme with ns = 2. We display
several frames of the optimal solution in Figure 3. A video of
several other solutions to this kind of manipulation problem
can be found at https://youtu.be/HXHAbjxC6rw.

V. CONCLUSIONS AND FUTURE WORK

This paper provides an extension of the Finite Elements
with Switch Detection (FESD) method to Projected Dynami-
cal Systems (PDS) and a certain class of first-order sweeping
processes. We show that this method recovers the accuracy
of higher-order Runge-Kutta discretizations and shows its
application to optimal control with a planar manipulation
task. In future extensions, we would like to further tackle
first-order Sweeping processes with time-dependent sets.
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[15] A. Nurkanović, S. Albrecht, and M. Diehl, “Limits of MPCC For-
mulations in Direct Optimal Control with Nonsmooth Differential
Equations,” in 2020 European Control Conference (ECC), 2020, pp.
2015–2020.

[16] D. E. Stewart and M. Anitescu, “Optimal control of systems with
discontinuous differential equations,” Numerische Mathematik, vol.
114, no. 4, pp. 653–695, 2010.
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